Introduction and notation
For f (n) introduced above, some authors called it integer complexity, denote by n . It was introduced by Mahler and Popken in 1953 and popularized by Richard K. Guy in his famous book Unsolved Problems in Number Theory [1] as problem F26. There are many unsolved problems about integer complexity. Such as determining the value of f (n) where n is large integer. Particularly, determining f (p) where p is a prime plays an important role in the problem. It conjectured that for any p is prime number, f (p) = f (p − 1) + 1. In this paper, we give a counterexample to the conjecture and some properties on f (n).
For convenience, throughout this paper, state "be expressed by ones" means to express the number by ones, any number of + and × signs (and parentheses) unless stated otherwise. And all n, a, b, i, j denote positive integer. To avoid confusion, integer complexity is denoted by f (n) instead of n .
In this section, we will give some related notations and simple properties about f (n) at first. Most of them are easy to comprehend, thus we omit the proofs.
Realized that last operation of express n must be + or ×, thus (2) where a + b = n or ab = n, for n > 1.
We denote
and
for convenience. On the other hand, if A and B be nonempty sets of integers, we define the sum set
and product set
Then we got following formula from Definition 1 at once.
Theorem 1.
C n = {n} (n = 1, 2, 3, 4),
C n+1 = 1 i j n and i+ j=n+1
where n 4.
Definition 2. Define g(n)
be the greatest number that can be expressed by n ones and any number of + and × signs (and parentheses).
In other words, g(n) is the greatest element of C n . On the other hand, we denote l(n) be the least element of C n . In fact, g(n) and l(n) are very important in estimating some parameters in the integer complexity problem. Thus to determine g(n) and l(n) seems necessary. Regrettably, it is too difficult to determine l(n). We will give some results by computer later (see Table A .1). In this section we just give the calculation method of g(n).
The proof see [2] .
Main results
• Suppose p is a prime number. Does
Counterexample. Denote ξ = 353 942 783, which is a prime number. But
Remark 1. It's necessary to realize the fundamental fact: using f (n) ones can express n, then n + 1 must could be expressed by f (n) + 1 ones. While f (n + 1) means the least number of ones needed to express n, thus ∀n ∈ N, f (n + 1) f (n) + 1. In this way,
But it ends here, due to
Proof. Due to commutative law of addition, restricting 1 < i n 2 is reasonable. From above inequali-
Take off elements which cannot be the smallest one, the possible value of
. Then it obtains the state with the definition of f (n) immediately. 2
Lemma 2. If n is a positive integer satisfying f (n
is an arithmetic sequence with common difference 1.
Proof. On the one hand, n is satisfying
On the other hand, if n − 6 can be expressed by f (n − 6) ones, then uses f (n − 6) + 5 ones can express n − 6 + 5 = n − 1. Thus
From above two inequalities, we have
In this situation,
otherwise, f (n − 1) < f (n − 2) + 1 f (n − 6) + 5. Then we come to a contradiction with (14).
For the same reason, it is not difficult to get
That's what we need. 2
Suppose p is an odd prime number large enough,
Let i be 6 and 8, then see the difference.
•
Remark 2. From above tables we obtain that if
where p is a large enough prime number. It's not always has an arithmetic sequence with five terms and common difference 1
However, following result was verified by computer.
Theorem 3.
C n+1 = {1} ⊕ C n ∪ 2 i j n−1 and i+ j=n+1
where 4 n 57.
In other words,
where n ∈ A 58 .
Remark 3. We have used computer to search n such that f (n − 5) + 5 = f (n), obtained that the smallest number satisfying f (n) 
where 4 n 57 and b(n) satisfies following two inequalities
Above corollary seems useless, since we know C n+1 first, then l(n + 1). However, the utility of it is to simplify computation if we have formula to estimate l(n) for general n. For the results of b(n) see Table A .2.
The relationship of recursion
Suppose n is an even integer, then n + 2 is even too. Is there any relationship between f (n) and
).
Generally, if d is a nontrivial positive factor of n, then
We call it the relationship of recursion. Actually it is just a deformation of the definition of f (n).
) is not always less than f (n). For example, f (743) = f (2 · 743) = 22. There are three elements x ∈ C 22 such that f (x) = f (2x). However there are 5071 elements x ∈ C 46 such that
Similarly, the least number n such that f (n) = f (3n) valid is n = 166 571, where f (166 571) = 39. The least number n such that f (n) = f (5n) valid is n = 97 103, where f (97 103) = 38. The second least is n = 1 387 433, where f (1 387 433) = 46.
Let's back to the main problem. If p is prime such that f (p) = f (p − 6) + 5. Then from above the relationship of recursion. There must be some number can be divided by 3 which is in p − 6, p − 5, p − 4, p − 3, p − 2, p − 1. It can't be p − 6 or p − 3, otherwise p wouldn't be prime. Assume 3|p 
